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Abstract. This paper is to study the conformal scalar curvature equation on com- 
plete noncompact Riemannian manifold of nonpositive curvature. We derive some esti- 
mates and properties of supersolutions of the scalar curvature equation, and obtain some 
nonexistence results for complete solutions of scalar curvature equation. 
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1. Introduction 

Let M be an n-dimensional complete Riemannian manifold with metric go and scalar 
curvature k(x). The problem of the conformal deformation of scalar curvature is to find 
conditions on the function K(x) so that K(x) is the scalar curvature of a conformally 
related metric g — p {x)go, here p (x) is some positive function on M. As is well-known, 
let p = m 4// ("~ 2 ) for n > 3. Then this problem is equivalent to finding a positive solution 
of the following equation (the so-called (conformal) scalar curvature equation): 

c n Au-ku+Ku a = 0, (1.1) 

where c n — ^2^p ; a = ^±l^Au is the Laplacian of u with respect to the metric gQ. If u is 
a positive solution of eq. (1.1) such that the metric g — u 4 ^"^go is complete, we call u 
to be complete. If M is noncompact, usually one seeks complete solutions of eq. (1.1). 

The problem of conformal deformation of scalar curvature has been extensively studied 
by many authors in recent years 1 1 2 7 8 9|. However, this problem is far from being 
settled, especially if M is noncompact. 

The purpose of this paper is to continue to study the problem of conformal deforma- 
tion of scalar curvature. We consider the case when M is complete and noncompact. We 
will derive some estimates and properties of supersolutions of eq. (1.1), and obtain some 
nonexistence results for complete solutions of ( 1 . 1 ). If M is noncompact, in order to obtain 
a positive solution of (1.1), one usually exploits the method of supersolution-subsolution. 
To do so, one usually needs a positive supersolution bounded from below by a positive 
constant or a positive subsolution bounded from above by a constant as in I1I2I7I8I9I . 
Here we will see that, under some suitable assumptions, the supersolutions of (1.1) have 
no positive constant lower bound for a large class of the functions K. 

This paper is organized as follows. In §2, we introduce some notations and give some 
results that will be needed in §3. In §3 we will state and prove the main results of our 
paper. 
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2. Preliminaries 

We call M a CH manifold if it is a complete simply-connected C°° Riemannian manifold 
of nonpositive sectional curvature [6 1. If M is a CH manifold, by the well-known Cartan- 
Hadamard Theorem, for every o EM, the exponential mapping exp : M — > M is a diffeo- 
morphism 1 3 1, where M a denotes the tangent space to M at o. This diffeomorphism gives 
a global normal coordinate neighborhood of M center at o. Denote by x the coordinates of 
points and by (r, 0) the (geodesic) polar coordinates around o, where r = r(x) = dist (o,x) 
is the geodesic distance from o. 

We call a CH manifold M to be strongly symmetric around o S M if every linear isom- 
etry <p: M (t — > M„ is realized as the differential of an isometry <t>: M — ► M, i.e., < t ) (o) = o 
and <[>*(o) = <p, where <£>*(o) denotes the differential of <I> at o. For a more detailed dis- 
cussion about strongly symmetric manifold, we refer the reader to 1 6 1 (where the authors 
use the term 'model' instead of 'strongly symmetric manifold'). 

From now on we will assume that M is an n-dimensional strongly symmetric CH man- 
ifold around o, where o is a fixed point in M. Let go be the metric of M and k(x) the scalar 
curvature of go. We always assume n = dimM > 3. 

In the polar coordinates, the metric go is expressed by 

ds 2 =dr 2 +£d i7 d0W = dr 2 + h(r) 2 d® 2 (2.1) 

on M — {o} (6|. Here dij = go(g§T; gfj) an d d© 2 denotes the canonical metric on the 
unit sphere of M u . Let S r be the geodesic sphere of M with center o and radius r. The 
Riemannian volume element of S r can be written as 



dS r = y/D(r,9)de 1 ---d9 n -\ (2.2) 

where D = det(d,y). We will denote by V(r) the volume of S r . 

If u(r) is a C 2 function defined on (0,°°), we can consider it as a function defined on 
M — {o}. A calculation shows 

Am = -^=d r (V~Dd r u), (2.3) 



Ar = -^=d r (VD) = d r logV15 
vD 



(2.4) 



and 



Au = u" + {Ar)u' . (2.5) 
We can define a scalar product operation tj on M as follows: 

?7 :RxM^M; (t,(r,6)) i-> (tr,d). (2.6) 
We also write rj(r,x) = rx. 



3. The main results 

In this section we will state and prove our main results. To do so, we first introduce a 
notation. 
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Let M be an w-dimensional strongly symmetric CH manifold around o. If / is a contin- 
uous function on M, define 

(the second equality is by (2.1)). 

Theorem 3.1 . Let M be an n- dimensional strongly symmetric CH manifold around o with 
metric gQ. Let k be the scalar curvature of the metric go, and let K G C°°(M). Suppose 
n>3. Ifu is a C 2 positive supersolution of equation (1.1) on M, set a = 1 — <J and v = u a , 
then v satisfies the following inequality 

v(r) >J—[ r -l-[ Kdiids (3.2) 
n-Uo V(s) Jb(s) 

for all r > 0, here B{s) is the geodesic ball of radius s and center o, and djX the volume 
element ofM. 

Proof. 

Step 1 . We first prove that v satisfies the following inequality 



Av> -L-(K-kv). 
n — 1 

In fact, a computation shows that 



(3.3) 



Av = au a - l Au + - — -u- a \Au a \ 2 . (3.4) 
a 

Since u is a positive supersolution of eq. (1.1) and a = < 0' we nave 

Av>-u a -\ku-Ku a ) 

Cn 

' (K — kv). 



n-l 

Step 2. We prove that v satisfies 

Av> -L-(K-kv). (3.5) 
n — 1 

By the definition (3. 1) of v(r), for any r > 0, we have 

v "'( r ) = vTTT / T-( r ^ = vrJ d ' vds r- 

V(l) Js l or V(r) Js r 

So for r > 0, 

v , (r)V(r)= [ d r vdS r . (3.6) 

JS r 
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Thus, for r > 0, by the divergence theorem |4 5 1 we have 

Avd^i= / d r vdS r = v'{r)V(r). (3.7) 

B(r) JSr 

But we also have 

Avd^l = f f AvdS, dt. (3.8) 

B(r) JO JSt 

So from (3.7) and (3.8), we obtain 



/ AvdS r =[v'(r)V(r)}' 

J Sr 



= V(r){^(r) + ^(r) 
On the other hand, by (2.2) and (2.4), 



(3.9) 



rln r% rn J /7) 

v'{r)= / •••/ -^vode^-de^de"- 1 = V(r)Ar, 

Jo Jo Jo VD 



so we get 



Ar =vU- (110) 

From (2.5), (3.9) and (3.10) we get 

AvdS,- = V(r) (v"(r) + (Ar)v'(r)} 

= V(r)Av(r). 
Thus, for r > 0, we obtain 

Av(r) = — !— / AvdS r . (3.11) 



V{r) Js r 

Now from (3.3) and (3.11) we see that 

Av(r)>- J^r/ (*-*v)dS r 

(n- l)V(r) Js r 

' (£-jfcv). 



n-1 

5fep 3. We are now ready to prove inequality (3.2). 
Integrating (3.5) we get 

Av(r)dji > — !— / (K-kv)dn 
B(r) n - 1 JbM 



l — f {K{t)-k(t)v{t)}V{t)dt. (3.12) 
n-1 Jo 
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It is easy to prove that v'(r) is continuous on [0,°°) and v'(0) = 0. Then, by the diver- 
gence theorem, (3.12) implies that 

v'(r)V(r) = f v'(r)dS r 

JSr 

= / Av(r)djU 

Mr) 

>-L -f '{K{t)-k{t)v{t)}V{t)dt, 
n— 1 Jo 

that is, 

v'(r) > {n _\ )v{r) [{K{t) - k{t)v(t)}V(t)dt. (3.13) 

Note that k < 0. Integrating (3.13) we obtain 

v(r)>v(0) + ^- f-^ f{K{t)-k(t)v(t)}V(t)dtds 
n— 1 Jo V(s) Jo 

1 r 1 r - 

>^ / 777^ / K(t)V(t)dtds 



n- \ Jo V(s) Jo 

= -^[^nl Kd^ids. (3.14) 

n-Uo V(s) Jb(s) 

Thus (3.2) is established, and this completes the proof of Theorem 3.1. □ 

Theorem 3.2 . Let M be an n- dimensional strongly symmetric CH manifold around o with 
n>3. Let k be the scalar curvature ofM, and let K e C°°(M). Assume u is a C 2 positive 
supersolution of eq. (1.1) on M. If we have either 

(a) 

/ -L / *TdjUck = +oo (3.15) 

Jo V(s) J B (s) 

or 

(b) for r large, / B , % Kdjj, > 0, and 

r^r-J \k\dnds = +~, (3.16) 
Jo Vis) Jb(s) 



then 



inf M (x)=0. (3.17) 

xEM 



Proof. As in Theorem 3.1, set a = 1 — a and v — u a , then v satisfies inequalities (3.13) 
and (3.14). 

If (a) holds, it is obvious that v(°°) = oo, and hence sup xeM v(x) — °°. Since a < 0, we 
see that inf xe M u(x) = 0. 
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If (b) holds, then there exists x > such that for all r > T, J B(r) /fdji > 0. From (3.13) 
we have that for r > T,v'(r) > and hence v(r) is increasing. This means that if we set 
C = infv(r), then C > 0. From (3.14) we have 

v(r) >-L-fJ- [ S K(t)V(t)dtds 
n- 1 Jo V(s) Jo 



c r i 



n — 1 Jo V(s) Jo 



|it(0|V(f)dfds 



i r i /■ i r i /• 

/Td^diH / —— / Kd[ids 



- 1 Jo V(s) Jb(s) n—lJx V(s) Jb{ s ) 

c r i 



|fc|djuds 



n - 1 Jo V(j) Jb(s) 

Now it is easy to see that v(°°) = °°. Then (3.17) follows as in Case (a). The proof of 
Theorem 3.2 is finished. □ 

To show the following theorems, we need a lemma. This result itself is an interesting 
property of CH manifolds. 

Lemma 3.3. Let M be an n- dimensional strongly symmetric CH manifold around o. As 
before, let S r be the geodesic sphere ofM with center o and radius r, and V(r) the volume 
ofS r . Then for every 8 € [0, 1), 

V(r) 

hm— ^ = +oo. (3.18) 

Proof. Since the sectional curvatures of M are less than or equal to zero, by the vol- 
ume comparison theorem (comparing with the n-dimensional Euclidean space R") 
13141 . we have vol(B(r)) > r"co n , where vol(B(r)) denotes the volume of the ball 
B{r) = {x e M, dist(o,x) < r} and co„ denotes the volume of the unit ball in R". Hence we 
get 

,. f n r V(t)dt vol(B(r)) 

lim JQ = lim — = +oo. (3.19) 

r^oa fTl—l+O r ^oo f-n— l+o 

On the other hand, by the Laplacian comparison theorem (see p. 26 of |6|) (again 
comparing with the n-dimensional Euclidean space R"), we have 

Ar>A r=— -, (3.20) 
r 

for r > 0. Here Ao denotes the Laplacian of R". So for r > we have 
V{r) \ V(r) fV'(r) n-2 + 8" 



j-n—2+8 J yn—2+8 V V(r) r 

V(r) / n-2 + 8 
' Ar 



>0. 
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This means that J^ls * s increasing and hence lim^c*, exists (may be +°°). Then 

using the L' Hopital's rule, we have 

, im g(^=i in , m (3 . 21) 

Then (3.18) follows immediately from (3.19) and (3.21). □ 

Theorem 3.4. Let M be an n- dimensional strongly symmetric CH manifold around o 
with n > 3. Let k be the scalar curvature ofM, and let K G C°°(M) such that, for r large, 
f B ^ KdjJ, > 0. Assume u is a C 2 positive supersolution ofeq. (1.1) on M. If we have either 

(a) linv^oo Kdji = +°°, and 

lim LMlL = R where B > or 6 = +°o (3.22) 
rAr — 1 

or 

(b) linv^oojg^ |fe|dju = +°o and 

r 2 |/t(r)| 

lim ' v ; ' = y, where y > or y = +°°, (3.23) 



then 



Mu(x)=0. (3.24) 

xeM 



Proof. We only prove that condition (a) implies (3.24). The proof for (b) is similar to that 
of (a). From Theorem 3.2, by the limit comparison test for improper integrals, we only 
need to prove that lim,.^ $B(r) = ^> where A > or A = +°o. In fact, from the 
assumption of the theorem and Lemma (3.3) we have 

f r - V(r) 
lim / K(t)V(t)dt = lim — ^ = +°°. 

So by the L'Hopital's rule, we have 

r f KK(t)V(t)dt 
lim — - / Kdji = lim J0 w w 



r — >oo 



r^oo rAr — 1 
= 0. 

This completes the proof of the theorem. □ 
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Remark 3.5. Let H"(— c 2 ) be the n-dimensional (simply-connected and complete) hyper- 
bolic space form with constant sectional curvature — c 2 (c > 0). If M — H"(— c 2 ) with 
n > 3, then for any K € C°°(M) such that J B ^Kdjj, > for r large, it is easy to verify 
that the condition (b) of Theorem 3.4 is satisfied since Ar = (n — l)ccoth(cr), and hence 
for any C 2 positive supersolution u of eq. (1.1), we have mf xe Mu(x) — 0. Comparing with 
theorem 1.4 in |8 1, this is very different from the case of the Euclidean space. Hence the 
method used by Ni to obtain the existence results for eq. (1.1) in R" is no longer valid in 
the case of hyperbolic space forms. 

Theorem 3.6. Let M be a CH manifold with metric go. Suppose M is strongly sym- 
metric around o with respect to the metric go and n = dim(M) > 3. Let k{r) be the 
scalar curvature of the metric go and K(r(x)) € C°°(M). If there is a > such that, for 
r>aj r j^ j B(t) Kdfldt > and 

r r f 1 f 

L [L mL Kdfldt . 

then there exists no complete metric g on M such that 

(a) g is (pointwise) conformal to the metric go, 

(b) M is strongly symmetric around o with respect to the metric g, 

(c) K(r) is the scalar curvature of the metric g. 



dr < 



(3.25) 



Proof. We argue by contradiction. Assume that g is a complete metric on M satisfying 
(a)-(c). Since g is conformal to the metric go, there exists a C°° positive function u such 
that g — u 4 /("~ 2 ^go and u is a solution of eq. (1.1). It is obvious that u = u(r) since the 
metrics g and go are both strongly symmetric around o. Set v(r) = [u(r)]~ 4 /("~ 2 \ Then 
by Theorem (3.1), v(r) satisfies 

v(r)> : tF^txI Kdpi&t. 

n-lJo V(t)J B (t) 

Therefore we get 

[ M (r)] 2 /<"- 2 ' < [— !— fzi-r [ K^Y' 2 
[n- 1 Jo V(t) JB(t) J 

for r > a. By (3.25), this implies 

f K>0] 2/( "- 2) dr< fi-^r f^r / Kdfldt) ^'drK+c*. 

J a J a [n- 1 Jo Vit) JB(t) J 

That is, for the metric g, the ray <p = { (r, 0q) \a < r < °o} has finite length for a fixed 9o- 
Thus the metric g is not complete. This is a contradiction. □ 

COROLLARY 3.7. 

Let M,go,o and k(r) be as in Theorem 3.6. Assume the sectional curvature sec(go) of go 
satisfies — c 2 < sec(go) < for some positive constant c. IfK(r) G C°°(M), and for some 
positive constant 8, we have 
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then there exists no complete metric g on M satisfying the conditions (a)-(c) in Theo- 
rem 3.6. 

Proof. By (3.26), it is easy to show that there is a > such that Jq yjjy J B ^ Kd/idt > 
for r > a. To prove the corollary, it is sufficient to show that condition (3.25) is satisfied. 
This can done by using the limit comparison test for improper integral. 

In fact, from the assumption of the theorem for sectional curvature and the well-known 
Laplacian comparison theorem |6|, we have 

n - 1 

< Ar < (n - 1 )c coth(cr) . (3 .27) 

r 

So Ar is bounded as r — ► °°. 

On the other hand, by (3.26) it is obvious that 

lim / Kdu = lim f K(s)V(s)ds = +°°. 

Thus by the L'Hopital's rule, (3.26) and (3.27), we have 

,. Sb(,) k ^ ,. K{t)V(t) 
lim — — = lim — — 

r^oo y{t) t^°° V'(t) 

K(r) 



= lim 



> lim 



Ar 

K(r) 



r-^°° (n — l)ccoth(cr) 



Then it is easy to see that 

lim / — |— / Kdudt = +°°. 
r^°°Jo V{t)J B (t) 

Now by the L'Hopital's rule we have 

r 2+5 {2 + 8)r l+s V(r 

lim — — ; = lim 



r — Iov^I B{t) Kdndt ~- J„ r *(0V(0* 

(l + 8)r s V(r)+r l+s V'(r) 



(2 + 8) lim 



K(r)V(r) 



r l+s fl + 8 



= 0. 



Therefore we obtain 



7 TT72 = °' 

So vji) k') Kd ^ dt \ 

Then (3.25) follows by the limit comparison test. This completes the proof of the corol- 
lary. □ 
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